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Abstract. 

We start a systematic analysis of links up to 5-move equivalence. Our motivation is to develop tools which 
later can be used to study skein modules based on the skein relation being deformation of a 5-move (in an 
analogous way as the Kauffman skein module is a deformation of a 2- move, i.e. a crossing change). Our 
main tools are Jones and Kauffman polynomials and the fundamental group of the 2-fold branch cover 
of S"^ along a link. We use also the fact that a 5-move is a composition of two rational ±(2, 2)-moves 
(i.e. ±|-moves) and rational moves can be analyzed using the group of Fox colorings and its non-abelian 
version, the Burnside group of a link. One curious observation is that links related by one (2, 2)-move are 
not 5-move equivalent. In particular, we partially classify (up to 5-moves) 3-braids, pretzel and Montesinos 
links, and links up to 9 crossings. 



Contents 

1 Introduction 

2 Invariants of (2, 2)-moves and their applications 

2.1 Fox n-colorings and algebraic tangles 



1 



2.2 Burnside group of links 

2.3 (2, 2)-move equivalence classes of algebraic links, 3-braids, and links up to 
9 crossings 

2.4 Kauffman polynomial and (2, 2)-moves 

2.5 Classification of rational tangles and links up to 5-move equivalence . . . 

3 Invariants of 5-moves and their applications 

3.1 Jones polynomial and Kauffman bracket of 5-moves 

3.2 Using Kauffman polynomial to analyze 5-moves 



4 Classification of 3-braid links up to 5-move equivalence 

5 5-move equivalence of pretzel and Montesinos links 

5.1 Kauffman bracket 5-move invariant for Montesinos links . 

5.2 Jones polynomial for pretzel links 



6 Density of values of V{L) = |VL(e''*/^)| 

7 Tables of links up to 9-crossings 

8 Acknowledgment 







19 



23 

27 
30 



34 
35 
38 



1 Introduction 

A tangle move is a local modification of a link in which a tangle Ta is replaced by a tangle 
Tb, Fig. 1.1. 



Ta 



B 



Fig. 1.1; Tangle move 
Our interest in tangle moves on links has been motivated by our analysis of skein mod- 
ules of 3-dimensional manifolds. Skein relations for links might be viewed as deformations 
of tangle moves. The simplest moves that reduce every link in into a trivial link are 
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a smoothing of a crossing and a crossing change. A deformation of a smoothing leads to 
Kauffman bracket skein module and a deformation of a crossing change leads to, in the ori- 
ented case, Jones and Homflypt skein modules, and in the unoriented case, Kauffman skein 
module. In the last case the deformation is of the form L-|- + L_ = xLq + xLoo ( Fig. 1.2). 




Fig. 1.2 

If a move is an unlinking move (i.e. every link can be reduced to a trivial link) then 
some deformations of the move can lead to a skein module of generated by trivial links. 
This is the case for the Kauffman bracket, Homflypt and Kauffman skein modules (see 

|H-Pj or |Pr-2l IPr-7t IPr-8j for a survey of skein modules). A 3- move ( - /00\ ^ 

probably the simplest move after the crossing change. For over 20 years it was an open 
problem (the Montesinos-Nakanishi conjecture) as to whether or not every link can be 
reduced to a trivial link via 3-moves. We finally disproved it in 2002 |D-P-lj . A 4-move 

(^^ ^K^^X^K^X^ ) preserves the number of components of a link so it makes sense to 

study 4-moves on knots separately. The Nakanishi conjecture, formulated in 1979, stated 
that every knot can be unknotted via 4-moves. This conjecture remains still open. How- 
ever, the related question (of Kawauchi) for links of three or more componentq^ has been 
settled in |D-P-2j . It is easy to show that not every link is 5- move equivalent to a trivial 
link. For example, the Jones polynomial can be used to demonstrate that the figure eight 
knot (4i in |Rolj ) is not 5-move equivalent to any trivial link |Pr-l| . We will develop meth- 
ods of analyzing 5-moves using the Jones and Kauffman polynomials in Sections 3 and 4 
(compare |Pr-l| ). One can introduce a more delicate move, called (2, 2)-move (>^ (> ) 
such that a 5- move is a combination of a (2, 2)-move and its mirror image (—2, — 2)-move 
(XX <:> ), as illustrated in Figure 1.3 [irUllPFg] . 



^For links of two components the Kawauchi question has the form: can any 2-component link be reduced 
by 4-moves to the trivial link of two components, T2, or the Hopf link, HI The problem is not solved yet. 
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isotopy 




Figure 1.3 

The Harikae-Nakanishi-Uchida conjecture, formulated in 1992, states that every hnk 
can be reduced to a trivial link via ±(2, 2) -moves. This conjecture was disproved in 
|D-P-2j . One can try to find (2,2)-move equivalence classes of links. The main objects of 
this paper are links up to 5-moves, but because a 5-move is a combination of ±(2, 2)-moves 
we devote the first two sections of the paper to the analysis of links up to ±(2, 2)-moves, 
in particular, algebraic links, 3-braid links, and links up to 9 crossings. 

The paper is organized as follows: we introduce gradually invariants of (2, 2)- and 5- 
moves and we illustrate constructed invariants analyzing some family of links (e.g. rational 
links or algebraic links). Finally we use all our invariants to (partially) classify 5-move 
equivalences of 3-braids, Montesinos links, and links up to 9 crossings. 



2 Invariants of (2, 2)-moves and their applications 

We discuss in this section invariants of links which are preserved by (2, 2)- or 5-moves. 
The simplest of such invariants is the space of Fox 5-colorings, Col^{L). We describe its 
use in the next subsection. 

2.1 Fox n-colorings and algebraic tangles 
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The first invariant we apply to analyze rational moves is the group of Fox n-colorings. 
We recall first the notion of a rational ^-move and n-rational-equivalence of links and 
tangles. 

Definition 2.1 (i) Rational ^-move is a tangle move in which the [0]-tangle is replaced 
by [^]-tangle (see Fig. 2.1 for rational |- and —^-moves.) 

(a) We say that two links (or tangles) L and L' are n-rationally- equivalent if L' can 
be obtained from L by a finite number of rational ^ -moves (m and s are any non-zero 
integers). 




(2^) -move -(^2) -move 



Figure 2.1 

We noted in |Pr-6j that 5-rationally-equivalence is the same as |-move equivalence 
which in turn is the same as (2, 2)-move equivalence in which we allow the finite number 
of ±(2, 2)-moves (compare Figure 2.1). 

Recall that the group of Fox n-colorings of a link L, Coln{L), satisfies Coln{L) = 
Hi{M^^; Zn) © Zn, where M^'^ denotes the double branched cover over along L (see 
|Pr-3j for the combinatorial definition and detailed discussion). 

Lemma 2.2 Coln{L) is preserved by a rational ^-move for any non-zero m and s. In 
particular, Coln{L) is preserved by n-moves. 

For a trivial link of k components, T^, we have Coln{Tk) = Z!^. 

Coln{L) is a rather weak invariant of links but it can be used as the first step in 
classifying links up to ^-moves (n-rational-equivalence). 

If n is a prime number then Coln{L) brings the same information as its order, which 
we denote by coln{L). 

We will give a few applications of Fox n-colorings. We use standard Conway notation 
for rational tanglej§ (compare Fig. 2.4) and for the numerator ^ ^ ^"^^ 



^Our notation follows Conway's |Con) and agrees with that of Kawauchi book [Kaw] . but the mirror 
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denominator 



^ ) of a tangle T, and for the product of two tangles Ta*Tb ( 



Lemma 2.3 The 2-tangles [oo], [0], [1], [n — 1] are pairwise not n-rationally- equivalent, 
in particular the 2-tangles [oo], [0], [— 1], [1], [— 2], and [2] are pairwise not {2,2)-move equiv- 
alent. 

Proof: One easily checks that coln{[k]^) = if and only if A; is a multiple of n. 
Therefore for any i, Q<i<n — 1, oii = oo there exist exactly one j, (0 < j < n — 1, 
or j = oo), such that coln{{[i\ * [j])^) = n"^'- of course for i = oo one has j = oo and 
for < i < n — 1 one has j = n — i. Prom this follows that no pair of elements from 
[oo], [0], [1], — 1] are n-rationally-equivalent because if [i] and [i'] would be n-rationally 
equivalent then for any j, co/„(([i]*[j])^) = coZ„(([i']*[j])^) which contradicts the previous 
conclusior§|. □ 

We proved in |Pr-6j that any algebraic tangl^ is n-rationally-equivalent to one of n + 1 
tangles of Lemma 2.3. In the case of n = 5, reduction is a pleasure exercise, see [DIP| . In 
Subsection 2.5, we demonstrate similar results for 5-moves and rational tangles. Let us 
now put n = 5 and illustrate Lemma 2.2 by another example used later in classification 
of Montesinos links up to 5-moves. 

Example 2.4 Consider links L{Ta, k) = {Ta* [—] * ■■■ * [— ])^ as illustrated in Figure 2.2. 

k times 

Then for k > 1 we have coI^{L{Ta, k)) = b^^^ col^{T^) , and therefore these links represent 
pairwise different {2,2)-move equivalence classes. To see this notice that the rational | 
tangle can be changed by a {2,2)-move to oo tangle ()(). Therefore L{TA,k) is (2,2)-move 
equivalent to T^ U Ti U ... U Ti (A; > 1), (Fig. 2. 2), for which we easily count the number 

{k—1) times 

of 5-colorings. 

image notation is often in use [K-L] . 

^One can formulate Lemma 2.3 in more sophisticated language: all tangles [oo], [0], [1], [n — 1] 
represent different Lagrangians in a symplectic space , see pJPl IPr-6) . 

^Algebraic tangles were introduced by Conway in |Con] . They are obtained from 2-tangles of no more 
than one crossing, by product and rotation operations. They have a natural generalization to n-tangles, 
in which case they are called n-algebraic tangles [P-Tsj . 
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Figure 2.2 

Notice that col^{L) cannot distinguish L from the trivial hnk of log^{col^{L)) compo- 
nents. 

2.2 Burnside group of links 

The group of Fox n-colorings can be generahzed to its non-abehan version, the nth Burn- 
side group of hnks, Bn{L). This group, which is also preserved by ^-rational moves on 
links, was introduced in |D-P-1| and used to disprove the Harikae-Nakanishi-Uchida con- 
jecture, in particular to show that the knots 940 and 949 are not (2, 2)-move equivalent to 
trivial links. Recall that the nth Burnside group of links, satisfies Bn{L) = 'Ki{M^ 
where the subgroup (w") is normally generated by all elements w^, w ^ 7ri(M|^ ). 

2.3 (2,2)-move equivalence classes of algebraic links, 3-braids, and links 
up to 9 crossings 

In this subsection, we summarize and slightly improve the result in \DIP\ IPr-Sj IPr-6j (we 
observe that the knot 949 is related by one 5-move to the mirror image 949). 

Theorem 2.5 (i) The knots 940 and 949 are not (2,2)-move equivalent to trivial links. 
Thus the Harikae-Nakanishi-Uchida conjecture does not hold. 

(ii) Every algebraic link (in the Conway sense) is {2,2)-move equivalent to a trivial link. 

(Hi) Every link up to 9 crossin^J^ is {2,2)-move equivalent to a trivial link or to one of 
the knots 9^0, its mirror image §40, or 949. 

^We were informed by S.Jablan that he checked that every prime link up to 11 crossings and every 
prime knot up to 12 crossings is (2, 2)-move equivalent to a trivial link or to one of the knots 94o, or 949 
(or their mirror images). Among prime alternating links of 12 crossings there are 3 undecided cases, the 
links 123,, 124,, and I27* [J-S| (in Caudron list of basic polyhedra the names 12C, 12D, and 12G are used 
and in the Jablan-Sazdanovic book, the corresponding links are illustrated in Fig. 1.74). 
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(iv) Every closed 3-braid is (2, 2)-move equivalent to a trivial link or to the closure of the 
braids {aia2)^ , {(^1(72)^'^ or (cri(T2)~^^. 
Proof: Part (i) has been proven in [D-P-2j using the fifth Burnside groups of links. 
Part (ii) has been demonstrated in [DlPj (compare Lemma 2.10). 

(iii) It has been demonstrated in [DIP] that any hnk up to 9 crossing is (2, 2)-move 
equivalent to 940, 949 or their mirror images. The proof uses case by case analysis of 
non-algebraic links which have at most 9 crossings. The list, which we will use later, is as 
follows (up to mirror image): 813, 934, 939, 940, 94i, 947, 949, 9|Q,9|]^,9|2,9gi. The Burnside 
group argument shows that the links 940, 949, 9|q, 9g^ are not (2,2)-move equivalent 
to trivial links. We also noticed, |D-P-2l iDIPl IPFG] . that 9|o and 9|i are (2,2)-move 
equivalent to 949. Here we show additionally that 949 and 949 are related by one 5-move, 
in particular they are (2, 2)-move equivalent. The 5-move relation between 949 and 949 is 
illustrated in Figure 2.3. 

Part (iv) has been proven in |DIP| except the fact that the closure of (c7i(T2)^ and of 
(aias)-^ are (2,2) -move equivalent. It is the case because, as noted in fPIPj . the closure 
of (o"ia"2)^ is (2, 2)-move equivalent to the knot 949. □ 




Figure 2.3; 949 to 949 



It remains the open problem whether 940, 94o, 949 are in different (2, 2)-move equiva- 
lence classes; their fifth Burnside groups are the same. 
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2.4 Kauffman polynomial and (2,2)-moves 

It was noted in |Pr-41 IPr-5i| that for links L and L' related by one (2, 2)-move, and 
the Kauffman polynomial^ one has 2cos(27r/5)) = —Fl{1,2cos{2tt/^)) and that 

5(F/;,(1, 2cos(27r/5)))^ = col^{L). Invariants of (2,2)-moves are also invariants of 5-moves. 
Furthermore we can gain some more information from the fact that (2, 2)-move is changing 
the sign of the Kauffman polynomial Fl{1,2cos{2tt /b)). From this it follows that if two 
links L and L' are (2, 2)-move equivalent then the number of moves needed to go from one 
to another is even if and only if Fl = F^i . In particular, because 5-move is a composition 
of two ±(2, 2) -moves, we have: 

Lemma 2.6 (i) If two links differ by an odd number of ±{2, 2) -moves, then they are not 
5-move equivalent. 

(a) F];^{1,2cos{2tt/5)) is an invariant of 5-moves. 

As a corollary we are able now to prove a variant of Lemma 2.3 for 5-moves. 
Corollary 2.7 The twelve 2-tangles [oo], [0], [-1], [1], [-2], [2], [|], [|], [|], [-|], [\] and [-\] 
(Figure 2.4) are in different classes of 5-move equivalence. 

Proof: By Lemma 2.3 the first 6 tangles in the list are in different classes of (2, 2)-move 
equivalence. The other six 2-tangles differ from the first six by a single (2, 2)-move. □ 




Figure 2.4; Basic 12 tangles 
Lemma 2.6 also allows us to improve slightly the statement of Example 2.4, in case of 
5-moves: 

Example 2.8 L{Ta, k) is not 5-move equivalent to a trivial link ifTA is (2,2)-move equiv- 
alent to crossless 2-tangle by n ziz(2,2)-moves, and n + k is odd. It is the case because 

''For a — 1 the Kauffman polynomial FL{a,x), was developed before, at the beginning of 1985 by 
Brandt, Lickorish, Millett and Ho [BLMI IHoj . and denoted by Ql{x). It satisfies the skein relation 
Ql+ +Ql_ ~x{Qlo +Ql^), compare Subsection 3.2. 
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L(TA,k) can be reduced to a trivial link by an odd number of ±{2,2)-moves. Notice that 
the pretzel tangle PT^m[2],[s]] = * ••• * (compare Figure 5.1) can be changed by m 

^ ' 

TO times 

{2,2)-moves to [—2m + s]-tangle. 

We discuss the Kauffman polynomial and 5-moves in detail, in Section 3.2. 

2.5 Classification of rational tangles and links up to 5-move equivalence 

In this subsection we classify 5-move equivalence classes of rational tangles and links 
(Lemma 2.10 and Theorem 2.9). From this we get in Section 5 a partial classification of 
Montesinos links (including complete classification of pretzel links) Theorem 5.1. 
Theorem 2.9 (i) A rational link is 5-move equivalent to the trivial knot (Ti), the trivial 
link of 2 components (T2), the Hopf link (H), or the figure eight knot (^i). 

(a) Two rational links are 5-move equivalent if and only if they have the same value of 
Fl = Fl{1,2cos(^)) . The values for Ti, T2, H, and 4i are: Ft^ = 1, = \/5, 
Fh = -I, F4, = -V5. 
In Section 5 we will see that rational tangles are also classified by the absolute value 
of the Jones polynomial, V{L) = |V£,(e^)|; compare Table 7.1. 

We discuss more of the use of Kauffman polynomial in analysis of 5-move equivalence 
in Subsection 3.2. 

We deduce Theorem 2.9 from the more general result about rational tangles. 

Lemma 2.10 Every rational tangle can be reduced by 5-moves to one of twelve 2-tangles 
in Figure 2.4 (they are: [i], [0], [-1], [1], [-2], [2], [§],, [|], [|], [-§], [i], and [-i] 
Furthermore these 12 tangles are representing different 5-move equivalence classes. 

Before we prove Lemma 2.10 we give an easy to use rule to recognize quickly to which 
of 12 tangles the given |-tangle is 5-move reducible. 

Proposition 2.11 Every rational tangle [^] is in one of twelve 5-move classes of Lemma 
2.10 according to the following rules. 

(g) g = mod 5 and p = ±1 mod 5. 

(|) g = mod 5 and p = -izlmodh. 

(j) g = ±1 mod 5 and p = mod 5. 
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(i) 


q 




±2 


mod 5 


and p 




mod 5. 


(■ 


4) 


q 
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±1 


mod 5 


and p 


— 


—q mod 5. 




\2) 


n 




±2 


mod 5 


and T) 




— (1 mod 5 




(1) 


q 




±1 


mod 5 


and p 




q mod 5. 


(■ 


-1) 


q 




±2 


mod 5 


and p 




q mod 5. 


(■ 


-f) 


q 




±1 


mod 5 


and p 




—2q mod 5 




(^) 


q 




±2 


mod 5 


and p 




—2q mod 5 




(!) 


q 




±1 


mod 5 


and p 




2q mod 5. 


(■ 


4) 


q 




±2 


mod 5 


and p 




2q mod 5. 



We can say succinctly that two rational tangles [|] and [^], are 5- move equivalent if and 
only if 

q = q' mod 5 and p = p' mod 5, or 
q = —q' mod 5 and p = —p' mod 5. 

Corollary 2.12 A rational link of type | is 

(i) 5-move equivalent to the trivial link of 2 components iff p = mod 5 and q = ±1 
mod 5. 

(ii) 5-move equivalent to the figure eight knot iff p = mod 5 and q = ±2 mod 5. 
(Hi) 5-move equivalent to the trivial knot iff p= ±1 mod 5 

(iv) 5-move equivalent to the Hopf link iffp = ±2 mod 5. 

Proof: It suffices to use Proposition 2.11 wfien analyzing all 12 tangles of Figure 2.4. Tfie 
rational | link is the numerators of the tangle [|]. □ 

Proposition 2.11 follows from the proof of Lemma 2.10 and in particular from the fact 
that in the reduction of any rational tangle to one of 12 tangles we stay in the family of 
rational tangles and the terms of related continued fractions are preserved modulo 5. 

As a preparation for the proof of Lemma 2.10 we show 
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Proposition 2.13 The rational tangle [|] is 5-move equivalent to the tangle [|], and 
similarly [— |] is 5-move equivalent to the tangle [— §]• The rational tangle [|] is 5-move 
equivalent to the tangle [— |], and similarly [|] is 5-move equivalent to the tangle [— |]- 
Furthermore, the rational tangle [|] is 5-move equivalent to the tangle [|], and the tangle 
[— |] is 5-move equivalent to the tangle [— |]. Similarly, the rational tangle [|] is 5-move 
equivalent to the tangle [|], and the tangle [— |] is 5-move equivalent to the tangle [— §]• 
Proof: The transformation of [|] to [|] is illustrated in Figure 2.5. Algebraically we 
have [|] = [1 + 5] [1 — 5] = [§]; we use A to denote a transformation by one ±5- 
move. The transformation of [|] to [— |] is illustrated in Fig. 2.6; algebraically we have 
[|] = [2 + 5] [-3 + 2] = [-§]• Finally, the transformation of [|] to [|] is illustrated in 
Figure 2.7; algebraically we have [|] = [2 — i] A [2 + i] = [|]. Other cases of Proposition 
2.13 can be obtained from the above by rotation and mirror images. □ 




Fig. 2.7 

Proof: We prove Lemma 2.10 by induction on the minimal number of crossing of a 
rational tangle. To make our proof short we use the fact (version of the Tait conjecture) 
that the minimal number of crossings is realized by an alternating diagram (in a continued 
fractional expansion it is reflected by a fact that all entries are nonnegative or all are 
nonpositive) and that non-alternating diagram of a rational tangle cannot realize the 
minimal number of crossings. 

For diagrams with no more than 4 crossings the result holds by Proposition 2.13 as any 
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reduced alternating diagram of a rational tangle is either listed in Lemma 2.10 or in 
Proposition 2.13. We assume now that Lemma 2.10 holds for rational tangles of at most 
n crossings (n > 4) and let a rational tangle T has n + 1 crossings. T is obtained from a 
tangle T' by adding one crossing. By inductive assumption we can reduce T' by 5-moves 
to one of 12 tangles from lemma 5.2. Then T is reduced to a tangle T" of at most 5 
crossings. If T" has less than 5 crossings or is a non- alternating tangle we can use the 
fact that lemma is proven already for tangles of up to 4 crossings. Otherwise, T' was 
reduced to [|] or [|] tangles and T" is alternating. We can, however, change by a 5-move 
the tangle [|] (resp. [|]) to [— |] (resp. [— |]) resulting in non-alternating tangle with 5 
crossings which is 5-move reducible to a tangle with no more than 4 crossings for which 
Lemma 2.10 already holds. □ 

3 Invariants of 5-moves and their applications 

Invariants of (2,2)-moves are also invariants of 5-moves and we can employ them as the 
first step in analyzing links up to 5-moves. In this section we use Jones, Kauffman bracket, 
and Kauffman polynomials for more detailed analysis of links up to 5-moves. 

3.1 Jones polynomial and Kauffman bracket of 5-moves 

In this subsection we use the Jones polynomial and its Kauffman bracket version to analyze 
5-moves. We work with unoriented diagrams so the Jones polynomial Viit) is well defined 
only up to an invertible elements of We can do slightly better and define Viit) = 

(t 2 )~''^{^)y^(t) which does not depend on orientation of L. We use this version of the 
Jones polynomial in Section 5.2. 

We start from the general formula about the A:-move and the Kauffman bracket polyno- 
mial and the Jones polynomial. We base our summary on |Pr-l] . Recall that the Kauffman 
bracket polynomial of a link diagram, (L) € Z\A^^\^ satisfies the Kauffman bracket skein 
relation [Kauj : 

= A(Lo) + A-^(Loo). 

Let Lfc {y^^yc- '^ ) be obtained from Lq (X) by a /c-movjl| {k right-handed half-twists 
added). We have: 

''We draw the parts of the diagrams which are involved in the move. The convention for "fc-move" 
used here is well rooted in knot theory literature but we should remember that our fc-move is a rational 
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Proposition 3.1 (i) (Lk) = A^{Lq) + 

(ii) In particular, (L5) = {Lq) + A~^^{^^){L^) , and (L5) = A^{Lo) mod 
If we work with framed unoriented hnks then a fc-move changes the Kauffman bracket 
by A^ , modulo However, when working with unoriented unframed links then (L) 

modulo is preserved only up to the power of it A*. We write I a = ^aI^I aiid 

f{A) g{A) if f{A) = ±A'g{A) mod Ia for some i. 

The Jones polynomial VL(t) G Z[t^2] can be obtained from the Kauffman bracket 
polynomial by putting t = A~^ in {—^)^'^^^\L) , where L is equipped with any orienta- 
tion and w{L) is the writhe or Tait number of an oriented diagram L {w{L) = '^pSgn{p) 
where the sum is taken over all crossings p of oriented diagram L. Similarly, Viit) = 
{—A^)~'^'^^^\L) , for t = A~^ and the self-writhe number sw{L) of an unoriented diagram 
L is sw{L) = w{L) — 2lk{L) = ^pSgn{p) where the sum is taken over all self-crossings p 
of unoriented diagram L. 

Corollary 3.2 ((EEI]) (i) Visit) = ±t'/^VLo mod It, for some i, where It = (^)- 
We write succinctly, VL^{t) Vl^ VLs{t). 

(ii) Fort = e^'^l'^ , |VL(i)| = 1^(^)1 ot-n invariant of5-move equivalence classes of links. 
We denote this invariant by V{L); compare Tables 4-1 and 7.1. 

(Hi) The space Z[t]/{t'^ = t^—t'^ + t — 1) is isomorphic to the space of polynomials of degree 
at most 3. The Jones polynomial Vl(0 "is either in Z\t^^] (if L has odd number of 
components) or t^/'^VL{t) is in Z[t^^] (if L has even number of components). If one 
reduces this polynomial modulo It and then takes the result up to ibt* one gets the set 
of 5 polynomials (up to the sign). We denote this set by V{L,5). Then if two links 
are 5-move equivalent then they have the same (up to the sign) set of polynomials 
VL{t,5). 

Example 3.3 

(i) V{L) classifies rational links. We have V{Ti) = I, V{T2) = 2cos(7r/10) w 1.90211, 
V(H) = 2cos(7r/5) ^ 1.61803, V^(4i) = 0. In particular, the ^-rational link is 5-move 
equivalent to H iff p = ±2 mod 5; compare Corollary 2.12. 

(ii) For the pretzel link 6f and its mirror image 6f we have V{Q\) = V^(6f) ~ 2.497 but 



move in Conway's notation. We also denote by L+ as in Fig. 1.2, but, following Conway, we call 



this the [—1] tangle. 
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yg3(t,5) = {2 + t^,2t + t^,-l + t + t^ + t^,-l + 2^3,-2 + t-2t^ + It-^} / VQ3it,5) = 
{1 + 2*2, t + 2*3, -2 + 2t - + 2*3, -2 + t3, _i _ t _ ^2 _^ t^]. In particular, V{6f) is 
neither 5-move equivalent to its mirror image nor to any rational knot; compare Example 
5.14 and Proposition 5.16. 

3.2 Using Kauffman polynomial to analyze 5-moves 

Recall that the 2-variable Kauffman polynomial of regular isotopy of link diagrams (or 
equivalently of framed links with blackboard framing) KL{a,x) G Z[a^,x^] is defined 
recursively as follows |Kauj : 

(i) (Initial condition) AQ(a, x) = 1. 

(ii) (First Reidemeister move, or framing condition) A 1 [a^x) = aA 1 (a, x). 

(iii) (Kauffman skein relation) AL^(a,x) + Ai_(a, x) = x{A.i^{a,x) + Ki^[a,x)). 

The Kauffman polynomial FL{a,x) of oriented links, is obtained by normalizing Ai(a,x), 
that is FL{a,x) = a~'^(^)Ai(a, x), where w{L) = '^pSgnp where the sum is taken over all 
crossings p of oriented diagram L. 

Let Lfc be a diagram obtained from L = Lq by a fc-move. In |Pr-l| we derived the 
following formula. 
Theorem 3.4 fPfT?]/ 

AL^(a,x) = v[''\x)AL^{a,x) - v[''~^\x)ALf^{a, x) + x4^^(a, x)Al^ (a, x), 

where the polynomials v[''\x) and v^^ ^\x) are (shifted) Chebyshev polynomials of the 
■ By putting x = p + p~ we obtain v\ (x) = _ -\ , v\ (x) = ^ — — = 

(fc) / \ k T {^) t \ (—a^^ip'^—p~^)+v(a~*'—n~*')—p~^(a^''~p'')) 

pv\ '{x)-p\ andv\ >{a,x) = —■ 

Theorem 3.4 can be reformulated in the following, useful for our analysis, form. 
Corollary 3.5 For x = p + p~^ we have 

P ^ pk~^ ^ 

ALk{a,x) = ^AL^(a,x) — — A^ (a,x)+ 

p — p ^ p — p ^ 



^Chebyshev polynomial of the first type Tfe(x) satisfies: Th{x) — Tk^i{x) — Tk-2{x),TQ{x) — l,Ti{x) 

X and for x = p + we have T^ix) — ^ ^^Zp-i ■ Therefore v[''\x) — Tk-i{x) and v[''~^\x) 

Tk-2{x). Furthermore, 112*' (a, a;) is a generating functions of Chebyshev polynomials, that is V2'^\a,x) 
T,iIiT^-i{x)a'-'' (see Corollary 3.5). 
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Furthermore, the coefficient of the last summand reduces, for a = p (so also x = a + a 
to 

xa "( > z — a" "'^^)=xa"- "( > i{a ")=a;a" 



Proof: Corollary 3.5 can be derived directly from Theorem 3.4 but it can be also quickly 
proven by induction on k. The inductive step has the form: 

ALfc+i(a,P+p"^) = ip+P~^)^Lkia,P+P~^)-^Lk-iia,P+P~^)+a~''{p+P~^)^LAa,P+P~^) 

= ?1-))Al,-((p+p-^)(^ ^)-{^- ?^))Alo + 

p — p ^ p — p p — p p — p 

(xa-H(p+^>-^)i: '(^ ^)a^-'=+^)-E o(^^ ^)a'-'^')+a-Hp+p-'))AL. 

= Ti —ALo+xa (> . ^( TT — )a )Al^ 

□ 

Let the ideal / (k) (k) = {v[''\x),v^\a,x)) be the ideal in Z[a''=,x^] generated by 
v^\x) and V2'\a,x). 

Corollary 3.6 (i) If two framed links L and L' differ by a k-move then Ai(a,a;) = 

kLi{a,x) mod I^{k) ^{k); additionally a^^ = 1 mod I^{k) ^(k). 
(a) p^ = a^ mod / (fe) (fc) and if a + — x is invertihle in our ring (e.g. we consider 
Z[a^^ , x^^ , {a + — x)~^) then I (k) (k) = (p^^ — l.p^ — a^). In particular, for any 

numbers ao,po £ C, Oq" = 1,Pq = Oq, ao ^ Po,Po^, Po ^ 1, -i, we have Ai,(ao,a;o) = 

{aQfKL,{ao,XQ). 

(Hi) If oq = 1,Pq = 1, Po / 1)— 1)^)— ^ then Ai(ao,xo) is a k-move equivalence invariant 
of unoriented, unframed links. 

(iv) In the case of x = a+a~^ , the ideal I (k) (k) C Z[a^, reduces to /^.^^ , ^-i c Z[a^], 

where 1,^,^,-1 = iv[''\a), vi'\a,a + a-^) = (^^3^' ^%^) = {k,l + 2a-^ + 3a-* + 
... + {k — l)a^~^*^) = {k,l + 2c? + 3a^ + ... + (fe — l)a^*^~^). Furthermore, for k a prime 
number, I;c=a-va-^ = (k, {a^ - l)''"^). 
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Proof: Corollary 3.6(i)-(iii) is proven in |Pr-lj : here let us only notice that (a + — 
x)v^\a,x) = {p — a^^)v[''\x) + a~'^ — p'' which allows short proof of (ii) and (iii) 
from (i). Furthermore, notice that FL{a,x) = FL{—a,—x) and, equivalently, Ai(a, x) = 
{—l)^^^^AL{—a, —x). This, for odd k allows us to consider only substitution Og = 1 = 
in Corollary 3.6(ii). To prove (iv), we use the second part of Corollary 3.5, where it was 

noted that v^^\a,a + a-^) = a''-^{J2'^I^i{a-^y~^) = a'^-^-^^j— = a^-f^ik - I + {k - 
2)o? + ... + 2a?^~^ + a?^~'^). Furthermore, we have 

"^"^ ^ ~ d{a-^) ~ d{a~^) ~ a-2-1 ^ d{a"^) ' 

Furthermore, for k being a prime number = (a^^ — 1)^^^ mod k and, therefore, 

,(a-2)*-l. 

□ 

To analyze 5- move equivalence of links we are interested in the case of = 5. Then 
we have: 
Corollary 3.7 

(i) Aig(a,x) =p^Alo + xv!2\a,x)AL^ mod {v^^\x)), 
AL5(a, x) =p^Alo mod {v\ {x),V2 '{a,x)). 

(ii) Ifao,Po £ C and = I, = af,, ag / Po,Po ^ Po / 1) -li'^; *^en AL(ao,a;o) is 
a 5-move equivalence invariant of unoriented, unframed links. 

(iii) Fl{1,x) modulo the ideal (x^ — x + 1) (or equivalently ^^ry" ) is a b-move equivalence 
invariant of unoriented, unframed links. In particular, if pQ = e^'^*/^ (that is, xq = 
2cos{2tt/5)) it is the invariant used in Lemma 2.6(ii). 

(iv) AL^{a,a + a~^) = a^Aio(a, a + a~^) mod (5, (a^ - 1)^). 

We are mostly interested, in this paper, in unoriented, unframed links, so we modify 
Corollary 3.7 accordingly, taking onto account the fact that A^(i) (a, x) = aA2,(o, x), where 
L^^^ is a framed link obtained from a framed link L by a positive twist on the framing of 
L(^\ Let I{a,x) be an ideal in Z[a^^,x^^] generated by vf\x) and v^\a,x). We write 
p(a, x) g(a, x) if p(a, x) = a^q{x) mod I[a,x) some i. Then we have. 
Corollary 3.8 

(i) If two links, Li and L2 are 5-move equivalent then A l-^ (a, x) AL^{a,x) (equivalently, 
Fi^{a,x) FL.^[a,x) as the equality does not depend on orientation ofL). In particular: 
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(ii) If ao,Po G C and = 1, = aQ,ao ^ Po,Po^> Po / —h then the set 

{(iQFL^aQ, xq)} is an invariant of 5-move equivalence of unframed links. We denote this 
invariant by Set^pL^aQ.xo)). The absolute value of Fi,{ao,xo) is also a 5-move invariant. 
(Hi) FL-,{a,a + a.-^) FL.M,a + a'^). 

Let us remark here that if S'et(F/,(ao, xq)) contains the real value, as in the case of an 
amphicheiral link, then this value is a 5-move invariant for = 1 and it is an invariant 
up to a sign if a^ = —1. 

Example 3.9 The pretzel link -P[2,2,2] f^ot 5-move equivalent to its mirror image. We 
prove it by computing a^Fp^^ ^ (a, x) for a = e^'^*/^ and x = 2cos{2tt/5), and checking that 
it is never a real number. 

Consider links Li = 4i#Li and L2 = 4i#L'2, then we have yL.(i) = V4i{t)VL',{t) = 
mod /(. We can, however, use the Kauffman polynomial criteria to differentiate, in some 
cases, Li from L2. 
Example 3.10 

The links 4:i#Ai and4i#T2 are not 5-move equivalent. We have F4^^4-^^(l,2cos{27r/5)) = 5 
6ui F4j#T2(l,2cos(27r/5)) = -5. 

Remark 3.11 It is an open problem whether the links Li = 4i#4i#4i and L2 = 4i#T2#r2 
are 5-move equivalent. We have: 

(i) Li and L2 are {2,2)-move equivalent by two {2,2)-moves and F/,^ (1, 2cos(27r/5)) = 
-5^5 = FL2(l,2cos(27r/5)). 

(ii) The criterion of Corollary 3.8(ii) would not separate Li and L2 because if we assume 
ao 7^ ±1 then F4^{ao,xo) = 0. The last equality follows from the following computation: 
F4,{a,x) = -a-2 - 1 - + x{-a-^ - a) + x'^ia'^ + 2 + a^) + x^{a-^ + a) ^="±""' 
1 — + xy{x'^ + — 1) = 1 + y{x + y){x'^ — 1). Then {x — y)F4^{a,x) = {x'^ -\- x — 
l)(y(a;^ — x + 1) — y^) + (y^ + y — ^^{xy — x) = mod (x^ + x - 1,?/^ + y — 1). For 
X = p -\- p~^ , y = a + we have x^ + x — 1 = P^'^i ^pli ) and y^ + y — 1 = a~'^{ "'^Zi )- 
Furthermore, ^4^(0, x) = F4j(— a, — x) and if aQ = p^ = 1 then (— Oq) = {—Po) = —1; thus 
for any substitutions from Corollary 3.8(ii), F^^{aQ,XQ) = as long as cq 7^ ±1. 

(Hi) The criterion of Corollary 3. 8 (Hi) would not separate Li and L2 because F'r.^{a,a + 
a~^) = = FL2{a,a-\-a~^) and, less obviously, FLi{a, a + a~^) = mod (5, (a^ — 1)^). To 
see the last congruence, we notice that (a, a + a~^) = 1 — 2(a + a~^)^ + 2(o + a~^)^ = 
a-^(2 + 6a^ + Qa^ + 60^ + 2a«) = 20-^(0^ + l){a^ - if mod 5. 

We checked generally using the Grobner basis method that Fl^ (a, x) — Fl^ (a, x) is in the 
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ideal Ia,x thus the method of Corollary 3.8(i) would not distinguish 5-move equivalence 
classes of these links. 

4 Classification of 3-braid links up to 5-move equivalence 

The invariants of 5 moves introduced in previous sections allows us to classify 3-braid links 
up to 5-moves almost completely. There are at least 23 classes of 5-move equivalence and 
no more than 25. We use the names of links from Rolfsen book |Rolj for knots up to 10 
crossings and links up to 9 crossings. For links of 10 or 11 crossings we use Knot-Plot 
tables [Bar] and for links of 12 or 13 crossings we use names from Thisthtlethwaite tables 
(for example 12ni958 denotes a non-alternating link of 12 crossings which is 1958th in 

Theorem 4.1 

(i) Every link represented by a closed 3-braid is 5-move equivalent to one of the following 
25 links: TuT2,n, H, H U Ti, H#H , 4i, 6?, 6f , 6i, 6i, 6i, Tf, 

8i8,8fo,8fo, 8^,9|o,9|o,9li,9li, L10al63, L10ol63, and llam and llam (repre- 
sented by 3-braids cJ^(T^^cJiCJ^^cricr^"^cricr^^ and cif^crlcTf ^o"2(T|f "'^o-20"j^^cj2 j. 

(a) These links represent different 5-move equivalence classes with the possible exception 
of two pairs S^q, Sfg; and 9|o, 9|o- 

Proof: We use the Coxeter result that B^/{aif' is a finite group (replacing erf by 
can be achieved by a 5-move) |Coxj . The quotient group has 45 conjugacy classes. We 
list them all in Table 4.1. For each class (generated by GAP) we choose a representative 
which is as short as we are able to find (we did not prove that they are the shortest). 
We provide also the value of invariants of 5-move equivalence F = Fl{1, 2cos27r/5), V[L), 
VL{t,5) for closures of these braids. 

A look at the table shows that each conjugacy class of B^/{af) is 5-move equivalent to 
one of 25 links of the theorem. Furthermore, each pair of links with possible exception of 
(33) (representing S^q) and (35) (representing Sfg), and (36) (representing 940) and (40) 
(representing 9|o) are separated by listed invariants. □ 

It is an open problem whether Sfg and Sfg are 5-move equivalent. Similarly 5-move 
equivalence of 94Q and O^q is not yet decided. 
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In the sixth column of the table, we identify the link being the closure of a representa- 
tive and its 5-move reduction, if any. For example, (29) has a representative o"^^(Ti(T2~^o"^ 
which represents the link T^. This link is 5-move equivalent to its mirror image 7^, rep- 
resenting (28). This link, in turn, can be changed by one (— 5)-movc to the pretzel link 
P[2,2,2,i] (i-6- 7f), see example 5.14(ii)). One more (— 5)-move changes this link to its mir- 
ror image -P[2,2,2,-4] ambient isotopic to P[_2,_2,-2,-i]- Similarly (21) has a representative 
(7^^crf(7^^(7i describing the rational knot 63 which is 5-move equivalent to the Hopf link 
H. 

In the last column we list some interesting representatives of conjugacy classes in 

B3/{af) different from that listed in the second column. We pay special attention to 

5 5 
powers of (cri(72). In our notation Li ~ L2 means 5-move equivalence of links and Li L2 

means the same conjugacy class in B^/{a^) and is used only for closed 3-braids. 

We end this section with one more question: all closed braids in Table 4.1 have a 

representative with 10 or less crossings except the pair (43) and (44) with 11 crossings. Is 

it possible to reduce these closed braids to links with 10 crossings? We know that they are 

not 5-move equivalent to any link of 9 or less crossings as the only links which share with 

them V{L) are 3-component links 92i and its mirror image O^i which are algebraic links. 

We know that (43) and (44) are separated from algebraic links (even up to (2, 2)-move 

equivalence) by 5th Burnside group (see Subsections 2.2 and 2.3). 
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TABLE 4.1: LIST OF 45 CONJUGACY CLASSES OF B^/ial) 



GAP CC# 


braids(shortest) 


F 


V(L) 


Vi,(*,5) 


rep. 


Link in 33/(0") 


interesting rep. 


(1) 


Id 


6 


3.61803 


{H 


- 2t 


f ^^...} 






(2) 


a-2 




1.90211 


{H 




...} 


T2 




(3) 


-1 


V6 


1.90211 


{H 


- 1, ■ 


■} 


T2 




(4) 




-v^ 


3.07768 


{H 


-t + t^+t^,...} 


/f U Ti 




(5) 


-2 


-V6 


3.07768 


{H 


- 1 + 


t^+t^, ...} 


if U Ti 




(6) 




1 


1 


{1. 


■■} 




Tl 


('Ticr2)" 


(7) 


-1 


1 


1 


{1, 


■■} 




Tl 




(8) 


2 


-1 


1.61803 


{1 ^ 


-t^ 


■■■} 


if 




(9) 


-2 

CTi 


-1 


1.61803 




-t^ 


■■■} 


if 


(cricr2)~* 


(10) 


-1 -1 


1 


1 


{1. 


■■} 




Tl 


('Ticr2)-" 


(11) 


2 -1 
0-2 0-1 


-1 


1.61803 


{H 


-t^ 


■■■} 


if 


K'r2)^ 


(12) 


-2 -1 


-1 


1.61803 


{H 


-t^ 


■■■} 


if 




(13) 


^2^2 


-1 


2.61803 


{H 


-t+ 








(14) 


-2 2 


1 


2.61803 


{H 


-t+ 




H#H 


('Ticr2)^ 


(16) 


-2 -2 
^2 ^1 


1 


2.61803 


{H 


-t+ 




H#H 




(16) = (20) 


2 -1 
Cr2 0-iO-p 1 


1 


1 


{1, 


■■} 








(17) 




-V6 





{0, 


■■} 




4i 




(18) = (19) 


— 2 —1 


-1 


1.61803 


{H 


-t^ 


■■■} 


Sf-S-if 




(19) = (18) 


-1 2 -1 


-1 


1.61803 


{H 


-t^ 


■■■} 


if" 5, if 




(20) = (16) 


-2 -1 —1 
0-2 CT^ 0'2*''i 


1 


1 


{1, 


■■} 




4? Ati 




(21) 


-2 2-1 
0-2 0--LCT2 Cri 


1 


1.61803 


{H 


-t^ 


■■■} 


63 ~ if 




(22) = (27) 


•^1 '^2'^! '^2 


1 


2.14896 


{H 


- 1 - 




6| e.g. 

(3, 3)-torus link 
or ^'[2,2,-21 


(o-lCT2)^ 


(23) = (26) 


-2 2 


1 


2.14896 


{l + t + 




6| e.g. 

(3,-3)-torus link 
or ^[2,-2,-21 




(24) = (25) 




-1 


2.49721 


+ 


■■■} 


if rep. P[-2, -2, -2] 

if";! 7f « 819 


ct10-|o-Jct2 ^ = 7| 
(CT1CT2)'' 

= a2^\o\o\a20\ = 819 
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GAP CC# 


braids(shorte8t) 


F 


V(L) 


Vl (t, 5) rep. 


Link in 33/(0") 


interesting rep. 


(26) = (24) 




-1 


2.49721 


{1 + 2*2, ...} 


6? rep. P[2,2,2] 
61 RS 7|ks 819 


-1 -2 -2 2 -t2 
<Tj CTj <Tj CT2 = 7g 

(cti(T2)~*' 

— 1 -1 —2 -2 —1 —1 
— <^2 ""l ^^2 "1 "1 "1 
= 819 


(26) = (23) 


-1 2 -1 -2 


1 


2.14896 


{1 + t-t^,...} 


6i e.g. 

(3, 3)-torus link 
oi' ^[2,2,-21 




(27) = (22) 




1 


2.14896 


{l + t + t",...} 


(3, — 3)-torus link 
or -P[2,-2,-21 


(ctiCT2)-3 


(28) = (29) 


2-12-2 




1.90211 


{1 + t,...} 


"^1 ~ ^r— 2,-2,-2,-11 




(29) = (28) 


-2 -2 2 


-VS 


1.90211 


{1 + t,...} 


^ 5 _2 5 _3 
7| ~ ^5 ~ '^l 

"^1 — "^^[2,2,2,11 




(30) 


(CTICT^^)^ 


1 


3.23607 


{2 + 2t^, ...} 


62 (Borromean rings) 




(31) = (32) 


/ — 1\3 —1 


1 


2.14896 


{l+t-t^...} 


63 


(CTiCr2)'' 


(32) = (3T) 


(CTj <T2) <T2 


1 


2.14896 


{l + t + t^,...} 




(<^1<^2)-^ 


(33) = (35) 


/ 2 2\2 


V6 


1. 17.5.57 


{1 - 1^, ...} 


83„ « 816 ~ 92^ 


/ — 2\2 —1 


(34) 




-1 


0.61803 


{1 -«,-} 






(:!r,j - [—) 


(a, -V, -)- 




1.17.5.57 


{1 - /-. ...} 


•^i'o * ~ - 957 




— \^^) 




5 


1. 17.557 


1.1 T , ...J- 


q2 5, 52" 
^40 ~ ^61 

^^i?' 9.a 
~ »49 


-1 2 2 2 7T2~ 


(37) = (38) 


cri((TiCTj^)* 


1 


1.54335 


{l+t-t^...} 


q2~ 5, q2 
^42 ^41 


—1 —12—2 2 n2 
O"! 0-2<^i ^^2^1 "^2 =^41 


(38) = (37) 


CTi (CTi erg) 


1 


1.54335 


{l-t-t^...} 


9I2 «9|7 


-1 -2 2 -2 7^ 
(Ti(T2 cricr2 ~ 41 


(39) 






2.23607 


{i+t-t^- 1^, ...} 


818 




(40) = (36) 




6 


1.17557 


{i-t=,...} 


q2~ S. q2 
^40 ~ ^61 

'^^'949 


—1 -1 —2 -2 -2 
0-2 CT1CT2 0-2 CT^ 

— ^61 
(a-iCT2)~® 


(4iJ - [—) 


(Ticr^ aiCT^ CTicr^ CTiCT^ 


I 


:i.442<)<^ 


{1 - / - 2/- - r'. ...} 


Ll()(il(i:i 


-2 —2222 


(42) = (IT) 


-1 -1 2—1 -12 
•^1 ^^2^^i '''2'^1 ^2fi ^^2 


1 


3.44298 


{1 + 2t + - t^, ...} 


Z,10ol63 


2-12-2 -2 —2 
(7^(72 0-10-2 O"! 0-2 

= 1/1171170 

(0-10-2)"^ 
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GAP CCif^ 


braids (short est) 


F 


V(L) 


Vi(t,5) rep. 


Link in B^jia^) 


interesting rep. 


(43) = (44) 


-2 2 -1 -1 -1 2 
1 CT2 o ^2^1 ^2^1 ^2 


5 


2.93565 


{1 - 2*2 - t^, ...} 


111177 

(2,2) 

- 940 


-2 2—2-2 2 -2 
(Tj 0-20-1 0-2 Oi<T2 

= 12ni958 
(<^1<^2)"'^ 


(44) = (43) 


2 -2 -1 —1 -2 
o\ (T 2 f'" 1 <^ 2 ^1^2 ^1^2 


5 


2.93565 


{1 + 2t - t^, ...} 


llai77 

(2,2) 
- 940 


2-222—22 
<^1^2 ^1^2^1 ^2 

= 12ni958 
('^1<^2)" 


(45) 


(o-lCTj ) 


1 


0.381966 


{1 - 2t + t^, ...} 


10l23 


(oi<T-2)3 = (0i02)l'5 



5 5-move equivalence of pretzel and Montesinos links 

In this section, we deal with classification of pretzel and Montesinos links up to 5-move 
equivalence. The classification is complete for pretzel links and for Montesinos links it is 
complete up to an elementary question (Problem 5.3), having mutation in backgrounc|§. 
After establishing notation, we formulate the main result of the section. The proof of 
Theorem 5.1 is divided into three parts. First, we identify pretzel and Montesinos link 
representatives in 5-move equivalence classes. In Subsection 5.2 we classify pretzel rep- 
resentatives. In Subsection 5.1 we deal with Montesinos representatives which are not 
pretzel links. 

Our notation for pretzel and Montesinos links is fairly standard. It is convenient for 
us to draw Montesinos links horizontally, so they look like pretzel links with columns dec- 
orated by rational tangles. In a pretzel link a column [n] contains n right-handed vertical 
half twists (Figures 5.1), in a Montesinos link M^vi_ Pfei the ith column is decorated by 
[— ] rational tangle (Figure 5.2). With this notation we have Pr„^ ... rn.1 = -^fj_ J_i- If 
one column, say [|^] is repeated m times in a row, we write succinctly Mj rn{^\ ]• 




We do not deal in this paper with surgery interpretation of our result, it is worth however to mention 
that our work can be related to classifying Seifert fibered manifolds with basis S'^ modulo ±i-surgeries 
[D-P-2|lD^F3] . 



23 



p 1 




P 2 






Pjc 






42 









? 



3 













■ 



Fig. 5.2; MrPi p^. and Mr2 i ii 

Theorem 5.1 

(1) Every Montesinos link M,pi £ti is h-move equivalent to a link from (i), (ii) or (Hi) 

'■■■'9fcJ 

listed below: 

(i) Pretzel link M^^^^^i^ j^jp for m > 3, 

(ii) Montesinos link with all ^ 



2< s<2. 

^ or ^, that is up to permutation of columns Mj^j 

k>l,k + m>3. 

(Hi) Connected sum of any number ofT^ 's, H's or 4i 's (including Ti). 



(2) Links of M, 



[fc[§],mi 



[1]]; k > 1, k + mi > 3 



and Mr 



m2aUs]] 



, for m2 > 3, —2 < s < 2 are 



pairwise non 5-move equivalent and they are not 5-move equivalent to links listed in (Hi) 
(compare Problem 5.3). 

Proof: We prove here part (1) of the theorem. Part (2) wih be dealt with in Subsections 
5.2 and 5.3. Recall that every rational tangle is 5-move equivalent to one of the twelve 
tangles of Lemma 2.10. This is the starting point to 5-move classification of Montesinos 
links. If every column [^] of a Montesinos link M is 5-move equivalent to a tangle difi"erent 
from [|] and [i] then M is 5-movc equivalent to a pretzel link with columns [ibi] or [±1]. 
Furthermore, a column [— ^] is isotopic to [^] * [—1] and [±l]'s can be collected together, to 
obtain Afj^jij j^jj. Finally s can be reduced modulo 5 by 5-moves. Notice that for m < 3 
we obtain rational links, as desribed in Example 5.14 (i) and (ii). We devote Subsection 
5.2 to 5-move classification of pretzel links Mj^jij j^jj. 

Assume now that at least one column, of M reduces to [|] tangle but none to [g] 
(compare Proposition 2.11). As we checked already when classifying rational tangles up 



[§] * * 



-1] ~ [|] * [^], therefore M reduces to 



to 5-moves, [|] ~ [§ ± 1] and [|] * [-i] - . ^^J - i ■ - 15 J - L2J 

a Montesinos link with all ^ = | or ^ which in fact, after permutation of columns gives 



^ ^ 1- Notice that M^^ = H, M^, u = [|]^ ~ Ti, M^,^,,^ = [ff ^ T,. We 



- r20lJV 5 



devote Subsection 5.1 to 5-move classification of Montesinos links M, 



[k[ 



24 



Finally, if there is a column, say [^], which reduces to [^1 tangle then M,pi Pi Pk] = 

■ ■ ■ ■ ■ ■ #W and any link [f ]^ is 5-move equivalent to T,, T2, 

H, or 4i. The proof of Theorem 5.1(1) is completed. □ 

Remark 5.2 The transposition of neighboring columns in a Montesinos link is a mutation 
and cannot be detected by invariants we introduced. The smallest examples of Montesinos 
links for which we do not know whether they are 5-move equivalent are 12 crossing, 2- 
component links -Mp[2j gjij] and M^2 1 2 ij, see Figure 5.3. 




More generally we have the following unresolved cases concerning classification of pret- 
zel and Montesinos links up to 5-move equivalence. 

Problem 5.3 Consider two Montesinos links L\ and L2 both of them with k > 2 columns 
[|] and m> 2 columns [^] (in any order). Are Li and L2 5-move equivalent? 

The next problem, which we partially solve in Lemma 5.5, is related to the possibility 
that a column of a Montesinos link is 5-move equivalent to [^] and some other columns to 

[§]• 

Problem 5.4 

Let two links Li and L2 be connected sums of ki (ki > 1) copies o/4i, rrij copies of H , 
and Hi copies 0/T2 (taken in any manner). Are Li and L2 5-move equivalent? 
Notice that is {2,2)-move equivalent to Tfc._|_„^_|_i by ki + nii {2,2)-moves thus we can 
limit the problem to the case when fci + ni -|- 1 = k2 + n2 -\- 1 and ki + mi = k2 + m2 
mod 2, compare Remark 3.8, and the last paragraph of Section 3. 

Lemma 5.5 (i) Let two links Li and L2 be connected sums ofm copies of H and n copies 

(taken in any manner). Then Li and L2 are 5-move equivalent, 
(a) Let two links L\ and L2 be connected sums of k copies o/4i, m copies of H, and n 
copies ofT2 (taken in any manner). Then Li and L2 are 5-move equivalent. 
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Proof: The main idea is that a 5-move allows us to change the disjoint sum into connected 
sum. We illustrate Lemma 5.5 by an example: the link H^H UTi is 5-move equivalent to 
the disjoin sum H U H. Namely, by one 5-move we can change H^H U Ti to H^H^bi. 
Similarly, H U H can be changed by one 5-move to H^fti^H . Since we can choose 
the connected sum formation in such a way that H^H^bi and H^5i^H are ambient 
isotopic (see Figure 5.4), hence Lemma 5.5 follows in this case. In the case of two different 
formations of a connected sum H^H^H , the 5-move equivalence is illustrated in Figure 
5.5. The general proof follows the same idea. Similarly one proves part (ii) of the lemma. 
□ 




Fig. 5.4; H^H U Ti and H U H are related by two (ib5)-moves 




^ isotopy 




Fig. 5.5; Two different realizations of H^H^H are related by two (ib5)-moves 
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5.1 Kauffman bracket 5-move invariant for Montesinos links 

In this subsection we compute the Jones (and Kauffman bracket) polynomial of Montesinos 
links ^[k[l] m[i]]' ^ ^ 1- We show that V{M) = \ VM{e.'^^^^)\ is sufficient to separate 5-move 
equivalence classes of these links. Our computation is helped by the fact that V^^ (t) = 
*"^Tfr so ^([|]^) = V{4i) = 0, and the fact we already used that [| + 1] ~ [|] ~ [-§]. 
Example 5.6 The (prime) Montesinos links, which are not pretzel (or rational) links, 
with no more than 8 crossings and up to the mirror image are 8g = Mj2 i ij, Sfg = 
-^[3 11], = Mj2 1 _i] and 8fg = i _ij (Fig. 5. 6). All these links are 5-move 

equivalent by identities [|] ~ [|], [|] * [-^] = [|] *[-!]* [^] ~ [|] * [^]. Observe that 
Vs2{t) = t-V2±2(^]^ _ j^Q^ t2±i (^compare Theorem 5.7). 





I 2 
'15 



'16 



Fig. 5.6; 5-move equivalent Montesinos links 

To formulate succinctly the main result of this subsection recall that It denotes the 
ideal in Z[t^2'\ generated by Let = denote equivalence up to itt*/^ for some i. 

Similarly, let Ia be the ideal in Z[A^'^] generated by 

Then for the Jones polynomial modulo It we obtain the following theorem which is the 
main tool to classify Montesinos links -^[fc[2] mm] for /c > 1, up to 5-move equivalence. 
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Theorem 5.7 (i) Vm 



(t) % (1 + r)(l - r)''"'(l - tr /or m > 0, > 1. 



(ii)If additionally, k + m > 2 we can write succinctly: 



Vm. 



(t)TAi + t)'''Hi-t) 



[fe[§],m[l]] 



\k+m—2 



Proof: The main observation leading to the proof is that V^-^ (t) 

), and = ' and = 



let Ta*Tb = { 



the following formulas for the Kauffman bracket (Lickorish-Millett general 
Conway's formula). 

Lemma 5.8 (a) {{Ta*Tb)'') = {T^){TE). 

(b) {{TA*TBr) = ^^{d{T^){T^)+d{T^){TE) - {T^){TE) - (Tf )(T^)), 



mod It- As before, 
3 . We have 
ization of the 



where d denotes the value of bracket for T2, that is d 



A- 



We use variations of the Conway-Lickorish-Millett formula and we develop them in the 
language of the Kauffman bracket skein modules [Pr-21 IH-Pj . 

The tangles Ta and Tg can be written in a basis of a 2-tangle, Ch =?< and =)( as 
Ta = aiCh + a2ev. Then (T^) = dai + 02, and (T^) = ai + da2. Similarly Tb = 
biCh + b2ev, (T^) = dbi + 62, and (T^) = 61 + ^62, ai,a2, &2 G Z[A^]. 
From this we have: 

{d^ - l)ai = d{T^) - (Tf ), {d^ - 1)02 = d{TE) - (T^), 
{d^ - 1)61 = d(r#) - (Tf ), and id' - 1)62 = d{TE) - (T#). 
Finally we get: 

Lemma 5.9 (i) Ta * Tb = aibiCh + (ai&2 + (12^1 + 0262(^)6^, 

(a) {{Ta * Tb)^) = aibi + (0162 + 02^1 + 0262^)^ = (ai + a2d){bi + 62^), 

(Hi) {{Ta * Tb)'^) = {aibi + 0262)^ + 0162 + 02^1 = ai(6i(i + 62) + 02(^*1 + &2'^) = 

ai(r#) + a2(rf). 

Formula (iii) leads immediately to the formula of Lemma 5.7(b). 

Example 5.10 In the Kauffman bracket skein module of 2-tangles we get the following: 
{Jj) = {l- A'^){Z) +A\){); that is [i] = (1 - A-'')eh + A\, 

{<p={A-^-A-^ + 2-A%-) +{A^-A^){){), 
that is [f ] = {A-^ -A-^ + 2- A^)eh + {A^ - A^)e^ 

In particular, ai([|]) = A"*^ - A"^ + 2 - =^=^-4 - t + 2 - t'^ ^l-*^- 
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Notice that {1"^ -l){t'^ + 1) = {t + l){t-l){t'^ + 1) = {t + l){t^ -t'^ + t-l) 
in particular, 1 + ^ (1 — t)~^ the observation used to derive (ii) from (i) in Theorem 
5.7. 

Lemma 5.11 (t) {{Ta * ([|])^) = aiA'^^iH) = ai{-A-^){l + A-^) 

(U) For k > 1, (M[,[|] {-A-^){1 + A-^){A-^ -A-^ + 2- A^)>'-\l - A-^r, 

Proof: By Lemma 5.9(iii) {{Ta * ([|]))^) = ai(([|])^) + a2(([|])^) 
= + 02 • = aiA'^{H) = aiA-^i-A'^ - A"^), and Lemma 5.11(i) follows. 

We can write -^[fc[2] „j[i]] as ((A; — 1)[|] * m[^] * [|])'^ and use the previous formula for 
TA = {k- 1)[|] 4e have in this case ai = {A'^ - + 2 - A^f-^{1 - A'^)"", and 

Lemma 5.11(ii) follows. Lemma 5.11(iii) follows after substituting t = A~^ and a simple 
calculation modulo If. 

□ 

Example 5.12 Vm., , , i, W = ^m^^, (0 % {I -t) = I - t -t" + t\ 

We can use Theorem 5.7 to prove a part of Theorem 5.1(2). That is: 
Corollary 5.13 

(i) Montesinos links -^[^[2] m{^]]> k>l,m>Q, are pairwise not 5-move equivalent. 

(ii) M[2, = H, M[2,.j = [f]^ I T,, Mpfijj = [f ]^ I T,. 

(iii) M\k[-] ra[-\\' k > 1, m + k > S, is not 5-move equivalent to disjoint or connected sums 
ofTi, n'orAl. 

Proof: Prom Theorem 5.7 and Lemma 6.1 it follows that Vm 2 1 (0 K ,2 , 1 (*) 

iS k = k' and m = m! . In fact it follows from the proof of Lemma 6.1 that values of 
F(Mjj^j2] k>'i, are all different (and different from 0). To prove (iii), first notice that 

if a link L has 4i as a connected or disjoint sum summand, then Vl(^) 7^ 0. Furthermore, if 
L is a finite disjoint or connected sumofTi and then < L >= {— A^ — A~'^y {— — A~'^y 
and VL{t) % (1 + ty{l + t^y. Therefore T4(t) 7, ^M,^,2, nAt) only for A; = 1, m = or 
= m = 1, or A; = 2, m = 0, as described in (ii) of Corollary 5.13. □ 
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5.2 Jones polynomial for pretzel links 

We develop here formulas for Jones polynomial and Kauffman bracket sufficient to dis- 
tinguish 5-move equivalence classes of pretzel links -P[2,...,2,i,...,i] ^iid to complete the clas- 
sification of pretzel links up to 5-move equivalence. To be consistent with notation for 
Montesinos links we will write Mr ri, r n for the pretzel link with m two's and s one's. We 
have shown in Theorem 5.1 that any pretzel link is 5-move equivalent to one of Mj^^jij j^jj 
for —2 < s < 2, or to the connected sum of T2's and iJ's. We will show in this subsection 
that for m > 3 such links are not 5-move equivalent. 

Example 5.14 (i) For m < 3, links Mj^ji] j^j] are rational links. Specifically, Mjij = 
^[[^],[-i]] = = 3i ~ ~ 3i = Mjjij_[_2]p M[[ij_p]] = 4i, and 

M[2[l]] = 42 ~ Ti ~ 4f = M[2[l]j_2]]^ ^[2[|],[l]] ~ ^ ~ ^[2[i],[2]]' ^[2[i],[-l]] = ^2- 

(ii) We list here links Mj^jij j^jj for m = 3, —2 < s < 2, with their 5-move invariants 
sufficient to separate them among themselves and from rational links. 
M[3[ij] = 6^, with y(6f) « 2.49721, VQ:i{t,5) = {2 + t'^,...}, 

^[3[i],[2]] ~ 6f, with V{6f) « 2.49721, Vg3(t,5) = {1 + 2t^ ...}, 

M[3[i]_[^]] = 7f - 7f, wii/i y(7^) « 1.90211, V^3{t,5) = {1 + t,...}, ^73(1, 2cos27r/5) = 
-\/5, 

^[3[i],[-i]] = 6i, mt/i y(6i) « 2.14896, F63(t, 5) = {1 + t - t^, ...}, 
M[3fJ] [_2]] = 6i, TOi/i F(6i) « 2.14896, V63(i, 5) = {1 + t + t^, ...}. 
(^mj For m = 4, i/ie invariant Vi,(t, 5) separates links: 
M[4[i]] = 8f , OTi/i F(8f) « 3.67044, y84(t, 5) = {1 + 2t + 2*^, ...}, 

Mj4[i] [^jj = 9f ~ 8f , with V{8i) ^ 3.67044, Vg4(t, 5) = {2 + 2t^ + 1^, ...}, 
= 8t, TOi/i y(8t) « 3.44298, y84(i,5) = {3 + t2,...}, 

^[4[i],[2]] ~ 8i mi/i F(8t) ~ 3.44298, V^^it, 5) = {1 + 3^^, ...}, 
^[4[|],[-2]] = 8t, ^(8^) ~ 3.80423, y84(i,5) = {2 + 2t, ...}. 

Our main tool to separate links -^[^[1] [g]] Jones polynomial (or the Kauffman 

bracket) . 

Proposition 5.15 

*=r^ -(1 - (tV2 + i-i/2) + (-ir-y+r-^^r+(i-.r _ 
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(in) In other words 



Proof: Let T be any 2-tangle, and let T^™) denote T* - ■ ■ *T. In the Kauffman bracket 
skein module we write: (T) = ai(X) +a2()(), and (T^™)) = a["^(X) +4"'\)(). As 
before, we have (T^) = ai + a2d, (T^) = aid + 03, and ((T^'"))^) = a["^(i + a2^"'\ 
((tM)^) = (T^)- = ai'") + das^"^). Then (r(-)) = (aiC:) + aaOO) * (ai(X) + 
aaOO) * ••• * (ai(X) + a2()()) = a^™)(X) + a^r\)0- First, we conclude that a^^^ = 
af , then ^4""^ = ((r(™))^) - af and from this ((r('"))^) = afd + ((T^)'" - af)d'K 
Specifically for T = [i] = X , we have (T) = (1 - A-^)^^) + A^{){) = aiC^ ) + a2()(>, 

(T^) = ((X)) = -A"^ - ((r("^))^) = (-A^ - ^-4)m^ ^ - ^-4)m^ 

^ (_A4-A-4)^-(l-^-4)^ ^ p^^^ ^^.^ ^^j^^^^ ^^^^ ((2^(m))iV^ ^ (1 _ ^-4)™(_^2 _ 

j4^^) + ^^^^ — '^_j2_J'^-2 ^ — ^1 establishing the first part of Proposition 5.15. 

To prove Proposition 5.15(ii) we use the formula (iii) of Lemma 5.9 for the product of 

2-t angles: 

(-^^[m[i] [s]]) ~ o,T{[^]^) + o-^\[s]^), and the result of a simple calculation: ([s]"'^) = 

(-^3)'^ and {[s]^) = A~'d-A'd-\A-^' - (-l)^^^). Thus, (M^^^i^^]]) = 

(1 - A-^r{A-'d - A^d-HA-^^ - (-1)^2^)) + (_^3). {zilz^I^r^Ozilir ^ 

(_^3)s( (-A^-A-^r + (1 _ A'^r{-A~y{d - 

Finally, notice that for m > 1 one has sw{M^^^i^ j^jj) = s and therefore Vm^ ^i^^^^{t) = 
(— ^3)~*(Mr^ri, r for t = A~^ glvlug thc formula for Vm ^ (t) in Proposition 5.15. 

I L2JU JJ 

□ 

Proposition 5.16 (i) Pretzel links Mj^jij j^jj, for m > 3 are not 5-move equivalent to 
rational links or their connected sums, and with the additional assumption that —2 < s < 2, 
they are pairwise not 5-move equivalent. 

(a) If m,m' > 3, m / m' , then ^(Mj^ji] j^jj) / V{M^^,^i^^^^,^^), for any s,s' G Z. 
Furthermore, V{M^^^i^ j^jj) > V(T2) ~ 1.90211, and the equality holds only for m = 
3, s = 1 mod 5; 

(iii) j^jj) = V'(Mj^jij if and only if s = s' mod 5 or m -ir s -\- s' = mod 5. 

(iv) Vm 1 (t,5) = Vm 1 , (t,5) if and only if s = s' mod 5. 
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Proof: The main tool in our proof is the formula (iii) of Proposition 5.15: 

For t = e^^l'° (and i^l"^ = e^^l^^\ the first term is a real number equal approximately to 
(— l)'""^ ims ^ independent on s and diverging to infinity. We can think of this term 



as the leading term of the formulqlj- The second, "small" , term of the formula has the 



absolute value approximately equal to 0.618™'(1.902— j^w) ~ (1.376)(0.618"'), converging 



to zero. 

This approximation, with a support of data in Example 5.14, suffices to justify (ii) of 
Proposition 5.16. 

A more careful look at the formula for Vm , {t\ allows us to conclude that the 
leading term not only "fixes" m but also: 

(1) If Vm (t) % Vm, , At), vfi,vn!>Z then Vu it) = %, (t), and 

(2) If Vm, .1, , ^ Vm, , ,,,(*), then m = m' and s' = s mod 5. 

(3) V{M^^^i^ j^jj) = F(Mj^,jij if and only if m = m' and s' = s mod 5 or m+s+s' = 
mod 5. 

To see (3) let us rewrite the formula in the form: 

Then it is clear that in order to have F(Mj^jij j^jj) = y(Mj^,ji] we need Vm^^,^i^ [s']]*-*^ 
to be equal to Vm , (t) or its conjugate Vm i (t'-^) (all this for = e"/i°). The 
conjugate condition gives m + s + s' = mod 5. Finally, as we already noted, the mirror 
image of = = M[„[i] Finally, the Jones polynomial of the 

mirror image L of L satisfies Vi{t) = Vi(f^^). 

This completes the proof of (3) and of Proposition 5.15(iii). □ 

We will end this section by completing the proof of Theorem 5.1(2). 
Proposition 5.17 For m > 3 a pretzel link Mj^jij j^jj is not 5-move equivalent to a 
Montesinos link -^[^[2] m[-]]' ^ ^ 1 '^i^'d to a connected sum of H's, 4i 's and T2. 

Proof: If a link L contains 4 ^ clS Si summand then V{L) = and L cannot be 5- 
move equivalent to M^^^^i^ j^jj. If L is a connected sum of p copies of H and n copies of 



'it is not that unexpected as t + t ^ — ^^Y^ ~ 1.61803 is the golden ratio. 
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T2 then Viit) = {-t - t-'^)P{-t^/^ - tr^/'^Y % (1 + f)P{l + t)". Furthermore L can be 
reduced by p (2,2)-moves to the trivial link of A; + 1 components, thus col^{L) = b^^^ 
(also 2cos(27r/5) = {—lY{\/bY). On the other hand Mj^jij j^jj can be reduced to 

the (2, —2m + s) torus link by m (2, 2)-moves, thus 



cok{M, 



Z\ for —2m + s = mod 5 
for -2m + s^0 mod 5 



Therefore, in the connected sum we can have only none or one copy of T2. Consider this 
two cases independently: 

(A; = 0) Then we would have —2m + s = mod 5 and for ^/i = e^^^^: 



It would imply that m + l<p<m + l, the contradiction. 

(k=l) Then, as in the case of A; = we are forced have —2m + s = mod 5 and for 
Vt = e^iO: 

+ + (-1)— l((-t)V2 + (_i-l/2))m(^_ 1) ^ ^^ + ^-l)p(^l/2 ^^-1/2)^ 



^1/2+^-1/2 ' V / vv / i V ;j y ^ 

or equivalently 

{t + i-^r + (-ir~^((-t)^/^ + {-t-^/^)r{i - <f) = {t+ t-'^f{t + 1-^ + 1), 

which is impossible. 

To complete the proof of Proposition 5.16 we should distinguish a pretzel link M^^ 
m > 3 from a Montesinos link M^^2^ A; > 1, A; + n > 3. The consideration is similar 
to the previous one. First we use Fox 5-coloring to see that for Montesinos links it is 5^^ or 
5^+1 while for a pretzel knot 5 or 5^ thus A; = 1 or 2 and n > 1. Then we use our formulas 
for the Jones polynomial and comparing their values for ^/i = e!^l^^ we see that the right 
side has a real representative (when considered up to ibt*/^, therefore the left side should 
have a real representative, which forces us to have —2m + s = mod 5. With this, we 
would have the equality: 

ti/2lt-i/2 + i-ir^Hi-t)'/' + (-ri/2)r(i - d^) = 1(1 - tY+--\i + tY-\ 



33 



We quickly find it impossible for k = I or k = 2. Namely, for fc < 2 we have |(1 — 
+ t)^~'^\ < 1(1 — t){l + t)\ 1.175, which is smaller then the possible values for 
the left hand sight (which, as we already computed is > |1 + t| ~ 1.902). The proof of 
Proposition 5.16 is complete. □ 



6 Density of values of V{L) = \VL{e'''/^)\ 

We recover here V. F. R. Jones observation ( |Jonj . Corollary 14.7) that the values of 
V{L) = \VL{e'^^^^)\ are dense in [0,cxd). Furthermore, Lemma 6.1 has played an important 
role in our proof of Corollary 5.13. 

Lemma 6.1 Let ki, k2, ki , k2 > 0, then 

(i) (1 + tf^{l - t)*=2 1 if and only if ki = k2 = 

(ii) {l+tf^{l-tf^ % {I + tf^' {I - tf^' if and only if ki = ki' and k2 = k2' 

Proof: First we note that (ii) follows from (i). Namely, without lost of generality we can 
assume ki > ki , if k2 < k2 then from the fact that 1 + 1 and 1 — t are not zero divisors 
in Z[t]/(^), we have (1 + tf^-''^' % (1 - tf''-^^'. 
For t = e^'^l^ we would have 

1 <| 1 + e'^^/5|''i"''i' =1 1 - e""''!^ |< 1 the contradiction. 

In proving (i) first assume that fci > 1 and consider the equation in (i) modulo ideal 
(Tfr,t + 1) = (i + 1,5), then we have = it* mod (t + 1, 5), the contradiction. 
Therefore we have /ci = and (1 — i)'^^ 1. Then | \ — e~^'^ = 1 which holds only for 
k2 = 0. 

The proof of Lemma 6.1 is completed. □ 

Corollary 6.2 The values of \ VK{e~) \ for K a connected sum of any number of copies 
of knots 5i and 817 form a dense subset of (0, 00). 

Proof: V5j(t) 1 + 1 and V^^^{t) 1 — t therefore by Lemma 6.2 the values 
I Vfc,5,#fc28i7(e''^/^) 1=1 1 + e'^'/^l^^ I 1 - e^'^/^l''^ are ah different 
and never equal to 1. 

Because 1 < |1 + e'"*/^! ^ 1.90211 and 1 > |1 - e'"*/^! ^ 0.618034 therefore the values 



34 



|l^g^i/5|*;i|l_eW5|'=2 taken over all positive ki and k2 are dense in (0, cxd). 

□ 

Corollary 6.3 The values of \ ^[^.[2] ^i^^i^^^^^) I /^^^ k,m > 0, form a dense subset of 
(0, go). It is the case because in the formula of Theorem 4-6, 1 < |1 + e^'^^^^\ ^ 1.17557 
and 1 > ll-e^^^/^l fa 0.618034 

We can interpret Corollary 6.3 as suggesting that classification of links up to 5-moves 
is as difficult as classification of links in general. However, the goal of this paper was to 
show that for some classes classification is to some degree possible. Motivated by the case 
of (2, 2)-moves we had in mind the class of algebraic links. The classification of rational 
and pretzel links and the partial classification of Montesinos links is the first step in this 
direction. 

7 Tables of links up to 9-crossings 

In the following table we list all prime links up to 9 crossings and some of their 5-move 
invariants. In our notation, r before the name of a link denotes rational link, p denotes 
non-rational pretzel link and m denotes a Montesinos link which is neither rational nor 
pretzel link. * before the name of a link denotes a link which is not 5-move equivalent to 
its mirror image. The letter a after the name of the knot denotes an amphichciral knot. 
Links in the same "box" are 5-move equivalent. If the representative of a box (in the first 
column) is in the Bold face then the links in the box are not 5-move equivalent to links in 
any other box. 
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Rep. 


F 




L 


L 


V 


Ti 


1 


1 


rTi,r6i,r62,r72,r76 
r77,r84,r8i2a,r8i3 
r8i4,r9i,r93,r94 
r97,r98,T'99, r9i5 
r9i7,r9i8,r9i9, r92o 
r927,r-4f ,r6?, r7? 
r7i,r8i,r8ir8i 
r8i,r9ir9i,r9? 

r9i,r9?o, r9?i, p9?9 
m9i„,p9i2,p95i,p8? 




1 


Ta 


V5 


1 + i 


r5i ~ Ta 

r74,'r8s,r923,r"93i 

r8i,r8?,r9i,r9?2 




1.90211 


4i 







r4ia,r89a,r92,r9i2 
r6i, r9?,r9i 







H 


-1 




i7, r3i, r52, rGsa 

r7i,r73,r75, r8i, r82 
r83a, rSe, r87,r8ii 
r95,r96,r9io,r9ii, r9i3 
r9i4, r92i,r926, r2l 
r5?,r6i,r7i,r8?,r8i 
r9i,r9i,p9ii, 9i7 
P9l9,p9i2,p8i,p8i 




1.61803 


821 


-V5 


1 + t 


„a T 

P021 ~ -t2 

p924, p937, p7i, m9i5 
p9i7, 9i4, mgis, p9i3 
p7f , m9f4 




1.90211 


Qlr 


1 


1 + 2t + - 


*p9f7 




3.44298 


9i 


1 


1 - t - - 


>9i, *p8t 


*P9?7 


3.44298 


814 


1 


2 + i 


*8i4, *933, *9io 


*9i6, *9f8 


2.86986 




1 


l + 2t 


*q2 *q3 
^661 ^18 


*q2 *n2 *o3 
°14i ^33; ="10 


2.86986 
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xlCp. 


I,' 

r 




T 

Li 


7" 


V 


949 


-5 


1+t 






1.90211 


8l8 


V5 


2-t + 2t^ 


8i8a 




V5 


9io 


-1 


l-2t 






1.32813 


Q3 

''20 


-1 


l-2t + t^ 




*q3 


1.32813 


9?5 


V5 


2 + 2t 






3.80423 


9?3 


1 


1 + t + t'^ 


P9?3,p9?4 

p9l3, p9l4, 




2.61803 


9^2 


1 


3 - t + 2t^ 






3.1013 


9?2 


1 


2 + t-t^ -t^ 




*q3 

yi2 


3.1013 


940 


5 


l-2t + 2t^ 


940 




0.726543 


9ii 






9ii 




3.07768 


8io 


-1 




*p8io, *p7i, *p8?i 
*m9l5,*p954, *p6i 


*p8l5,*p8l9, *p935 

*m948,*p8i2, *m9is 
*m9l7, *p8i*8i 
*m9i, *m9?3 


2.49721 


8l5 


-1 




*p8l5,>8l9, *p935 

*m948,*p8f2, *m9f8 
*m9l7, >8i,*8i 
*m9i, *m9f3 


*p8io, *p7i, *p8?i 
*m9|5,*p9i4, *p6? 


2.49721 


9i 


-1 


1 + t + -2r^ 


-9i 




2.76008 




-1 


2-t + 2,t^ - 21? 




*9g 


2.76008 


9ii 


-VE 


2 - 3t + - Zt^ 


*q3 




2.93565 


''21 


-VE 


3 - 2i + - 2t^ 




*9ii 


2.93565 




1 


2-2t- 2t^ 


955, 6i,86 




3.23607 


85 


1 


2-t + 2t^ -t^ 


*p85, *m928, *P946 

*j37?,*rn9?7, *m9i4 

*p9i8, *9i2,*9i5 
*9i9, *m9l6, *9i9 
*8i, *m9f, *m9? 


*p82o, *p9i6, *p7l 
*7i;m9?6, >9i3 
*9i9, >6i 


2.14896 


820 


1 


l-2t + t'^ - 2t^ 


"^820, *p9i6, >7l 

*7i,*m9?6, *p9i3 

*9i9, *p6i 


*p8b, *m928, *33946 

*p7?,*m9?7, *m9i4 
*p9i8, *9i2,*9i5 
*9i9, *m9l6, *9i9 
*8i, *m9?, *m9f 


2.14896 
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Rep. 


F 




L 


L 


V 


038 


-1 


2 


*938, *930, 'Qg 




2 


947 


-1 


2 


*947 




2 




-1 


2 




*9:is, *9|o5 *9i 


2 


9i; 


-1 


2 




*947 


2 


8l7 


-1 


1-i 


817a, 9i8, 8t 




0.618034 


922 


-1 


l-t 


m922, m926,'Ti93o 

m936, m942, "i943 
rn944, m945, mSg 
rnSw-rnSir,. mSfs 




0.618034 


9ii 


1 


l + t- i^ 


9|i 


912 


1.54336 


960 


1 


l + t-t^ 


*960, *9?9 


*929 


1.54336 


932 


1 


l + t-t'^ 




*932, *933 


1.54336 


9ir 


1 


1+t-t 




*941 


1.54336 


929 


1 


1 - i - r 


*929 


9io, *9?g 


1.54336 


932 


1 


1 — t — r 


*932, *933 




1.54336 


9li 


1 


l-t-t^ 


9I2 


9ii 


1.54336 


941 


1 


l-t-t^ 


*941 




1.54336 


934 


1 


l-2t + t^ 


*934 




0.381966 


9il 


1 


l — 2t + t^ 




*934 


0.381966 


8l6 




l-t + 2t^ -t^ 


*8l6, *957 


*8io 


1.17557 


8i() 




l-t + 2t^ -t^ 


*q3 
010 


*8l6, *957 


1.17557 


8l3 




l-t + 2t^ -t^ 


813 1 938, 9ll 




1.17557 


939 




l-t + 2t^ -t^ 


*939 




1.17557 


9iF 




l-t + 2t^ -t^ 




*939 


1.17557 


9lo 


5 


l-t + 2t^-t^ 


*q2 


^61 


1.17557 


9ii 


5 


1 - i + 2*2 - f» 


*9ii 


*9lo 


1.17557 


9! 


-1 


2 + 2*2 + 


m9t, p9l 




3.67044 


q3 


-1 


2 + 2*2 + ^3 




*m9?6, >8l 


3.67044 


9?6 


-1 


l + 2t + 2t^ 






3.67044 


9i 


-1 


1 + 2i + 2t^ 




*m9i *p9f 


3.67044 
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